In a previous paper we presented 3+2M term recurrence relations with variable dependent coefficients for M -indexed orthogonal polynomials of Laguerre, Jacobi, Wilson and Askey-Wilson types. In this paper we present (conjectures of) the recurrence relations with constant coefficients for these multi-indexed orthogonal polynomials. The simplest recurrence relations have 3 + 2ℓ terms, where ℓ (≥ M ) is the degree of the lowest member of the multi-indexed orthogonal polynomials.
Introduction
Exactly solvable quantum mechanical systems in one dimension have seen remarkable developments in recent years and the central role is played by exceptional orthogonal polynomials [1] - [30] (and the references therein). A set of polynomials {P n (η)|n ∈ Z ≥0 } is called exceptional orthogonal polynomials, when the following conditions (i)-(iii) plus (iv) are satisfied; (i) they are orthogonal with respect to some inner product, (ii) there are missing degrees, i.e., {deg P n |n ∈ Z ≥0 } Z ≥0 , (iii) but they form a complete set, and (iv) they satisfy second order differential or difference equations. The constraints of Bochner's theorem and its generalizations [31, 32] are avoided by the condition (ii). We want to distinguish the following two cases; the set of missing degrees I = Z ≥0 \{deg P n |n ∈ Z ≥0 } is case (1): I = {0, 1, . . . , ℓ − 1}, case (2) I = {0, 1, . . . , ℓ − 1}, where ℓ is a positive integer. The situation of case (1) is called stable in [12] . The first example of the case (1) exceptional orthogonal polynomials, X 1 Laguerre and Jacobi, was found by Gómez-Ullate, Kamran and Milson [1] , and its quantum mechanical formulation was given by Quesne [2] . Based on the quantum mechanical formulation (ordinary quantum mechanics (oQM), discrete quantum mechanics with pure imaginary shifts (idQM) [16] ), Sasaki and the present author constructed X ℓ polynomials and their generalizations, multi-indexed orthogonal polynomials [4, 5, 17, 23] . The multiindexed orthogonal polynomials of Laguerre, Jacobi, Wilson and Askey-Wilson types, which are obtained by multi-step Darboux transformations [33, 34, 35, 3, 9] with virtual state wavefunctions as seed solutions [17, 23] , correspond to the case (1) . The exceptional orthogonal polynomials, which are obtained by multi-step Darboux transformations with eigenstate or pseudo virtual state wavefunctions as seed solutions [25, 26, 9, 29] , correspond to the case (2) . For those having purely discrete orthogonality weight functions, the number of orthogonal polynomials may be finite. The multi-indexed (q-)Racah polynomials [13, 21] , which are constructed based on discrete quantum mechanics with real shifts (rdQM) [16] , correspond to the case (1).
The ordinary orthogonal polynomials {P n (η)|n ∈ Z ≥0 , deg P n = n} satisfy the tree term recurrence relations, ηP n (η) = A n P n+1 (η) + B n P n (η) + C n P n−1 (η) (A n , B n , C n : constants), and conversely the polynomials satisfying the three term recurrence relations are orthogonal polynomials (Favard's theorem [32] ). Since the exceptional orthogonal polynomials are not ordinary orthogonal polynomials, they do not satisfy the three term recurrence relations.
In a previous paper [27] , we showed that M-indexed orthogonal polynomials P D,n (η) of Laguerre, Jacobi, Wilson and Askey-Wilson types satisfy 3 + 2M term recurrence relations
n,k (η) 's are polynomials of degree M + 1 − |k| in η. In contrast to the three term recurrence relations, the coefficients of (1.1) are not constants. The three term recurrence relations are used to study bispectral properties or dual polynomials [32, 36] , in which the constant coefficients of the recurrence relations are important. To study bispectral properties, recurrence relations with constant coefficients are desired,
where r X,D n,k 's are constants and X(η) is some polynomial of degree L in η. Such recurrence relations for M = 1 case were first given by Sasaki, Tsujimoto and Zhedanov [11] . They found 1 + 4ℓ term recurrence relations. Recently Miki and Tsujimoto found different recurrence relations with 3 + 2ℓ terms [37] . Their choices of X(η) are Ξ ℓ (η) 2 and η 0 Ξ ℓ (y)dy, respectively. Durán studied recurrence relations with constant coefficients for several exceptional orthogonal polynomials including multi-indexed Laguerre polynomials by using duality [38] .
In this paper we present infinitely many (conjectures of) recurrence relations with constant coefficients for M-indexed orthogonal polynomials of Laguerre, Jacobi, Wilson and Askey-Wilson types, namely we present infinitely many polynomials X(η) leading to (1.2).
The minimal degree of X(η) is (conjectured as) ℓ D + 1, where ℓ D is the degree of the lowest member multi-indexed orthogonal polynomial P D,0 (η), and this gives 3+2ℓ D term recurrence relations with constant coefficients.
This paper is organized as follows. In section 2 we recapitulate some fundamental formulas of the multi-indexed orthogonal polynomials and present a method deriving recurrence relations with constant coefficients. Section 3 is the main part of the paper. 
Method
In this section we explain an idea for deriving the recurrence relations with constant coefficients. We follow the notation of [27] . The virtual state wavefunctionφ(x) is characterized by the degree v and the type t (I or II), likeφ t v (x). For simplicity, we suppress type t in many places.
The fundamental formulas of the multi-indexed orthogonal polynomials of Laguerre, Jacobi, Wilson and Askey-Wilson types are found in [27] . Among them we recall that
s(s − 1) + 2s I s II , s t = #{d j |d j : type t, j = 1, . . . , s} (t = I, II), (2.3)
The relations (2.1) are rewritten by using the forward (F) and backward (B) shift operators 
First we note the following property of orthogonal polynomials.
Lemma 1 Let us assume for a certain polynomial X(η) of degree L in η that
Here r
1 In the Appendix of [27] , we assumed the 'standard order' D = {d
II MII } for simplicity. We do not assume it in this paper.
Proof Multiplying by Ψ D (x) to (2.7), we have
By using (2.4) we have
where θ(P ) is a step function for a proposition P , θ(P ) = 1 (P : true), 0 (P : false). This
Remark Although the inner product formulas used in the proof are valid only for 'real' X(η) (X * = X) and an appropriate parameter range such that the Hamiltonian is non-singular, the final result, which represents the polynomial equations, is valid for any parameter values and complex X(η).
Next we explain a method to obtain recurrence relations with constant coefficients. Let
belongs to the Hilbert space and
is a complete set, we have the expansion
where r X,D n,k 's are constants. By using this and (2.4), we obtain
On the other hand, by using (2.1)-(2.2) and (2.6), we obtain
From the property ofB d 1 ...ds , the functionB
When it is not a polynomial in η, we have infinitely many m such that (φ D m , Xφ D n ) = 0, namely r.h.s. of (2.9) is an infinite sum. Let us consider the case thatB
Since any polynomial in η can be expanded in P n (η), we haveB
where r
's are constants. Substituting this to (2.11), we obtain
Eqs.(2.10) and (2.13) imply
Thus we obtain
namely,
By comparing the degree of both sides, we have L ′ = L. By Lemma 1, the sum
We summarize this argument as the following proposition.
Proposition 1 Let us assume for a certain polynomial X(η) of degree L in η that the
Expand it as (2.12). We have 1 + 2L term recurrence relations with constant coefficients for P D,n (η) :
(2.17)
Remark 1 See Remark below Lemma 1.
Remark 2 Under the assumption of this proposition, the functionsB
. . , M) are also polynomials in η.
proper polynomial X(η) giving recurrence relations with constant coefficients is rephrased as follows; Find a polynomial X(η) such that the operatorB
Recurrence Relations with Constant Coefficients
In this section we present recurrence relations with constant coefficients (1.2) for the multiindexed orthogonal polynomials of Laguerre, Jacobi, Wilson and Askey-Wilson types.
Multi-indexed Laguerre and Jacobi polynomials
In this subsection we discuss the recurrence relations with constant coefficients for the multiindexed Laguerre and Jacobi polynomials. We note that the first order differential operator of the form a(x)
functions of x) acts on the product of two functions f (x) and g(z) as
First we consider a necessary condition for X(η) giving recurrence relations with constant coefficients. Let us assume (2.7) for a polynomial We summarize this argument as follows.
Proposition 2 Let X(η) be a polynomial of degree L in η. Assume (2.7) and
Then one action ofB D to the both sides of (2.7) keeps the polynomiality intact. 
The minimal degree candidate of X(η), which corresponds to Y (η) = 1, is
Based on these properties we present our main result. After one action ofB D to (2.7),
. . give more conditions for X(η). However, it seems that these additional conditions are satisfied automatically by the original condition (3.3) and by the properties of P is ℓ D , which is the lowest degree of P D,n (η). The recurrence relations (1.2),
can be regarded as a natural generalization of the three term recurrence relations of the ordinary orthogonal polynomial P n (η), 1 × ηP n (η) = A n P n+1 (η) + B n P n (η) + C n P n−1 (η). Remark 4 For M = 1 case (D = {ℓ}), the minimal degree choice X(η) = X min (η), which gives 3 + 2ℓ term recurrence relations, was given by Miki and Tsujimoto [37] , and the choice X(η) = Ξ ℓ (η) 2 , which corresponds to Y (η) = 2Ξ ℓ (η) and gives 1 + 4ℓ term recurrence relations, was given by Sasaki, Tsujimoto and Zhedanov [11] .
Remark 5 Direct verification of this conjecture is rather straightforward for lower M and smaller d j , n and deg Y , by a computer algebra system, e.g. Mathematica. For M = 1, 2 we can prove this conjecture. Since we have Proposition 1, it is sufficient to show that
This is a polynomial in η. Thus M = 1 case is proved.
M = 2 From (3.2) and (A.2) we havê
By using (A.6) with s = 2, this becomes
This is a polynomial in η. Thus M = 2 case is proved.
Multi-indexed Wilson and Askey-Wilson polynomials
In this subsection we discuss the recurrence relations with constant coefficients for the multi- 
where g
is given by [40] η
For a polynomial p(η) in η, when it is regarded as a function of x, we denote it by adding a check,p 
For a polynomial p(η) in η, let us define a polynomial in η, I[p](η), as follows:
where b k 's are defined by
The constant term of I[p](η) is chosen to be zero. It is easy to show that this polynomial
The operator of the form a(x)e
where f (±) (x) are defined by [27] 
14)
The auxiliary function ϕ(x) is rewritten as
First we consider a necessary condition for X(η) giving recurrence relations with constant coefficients. Let us assume (2.7) for a polynomial 16) where (3.13) and (2.5) are used. Since the expression in the first line is a polynomial in η, the expression in the last line should be so. By (3.9) and (A.12),X
) are polynomials in η(x). If the latter is not divisible byΞ D (x), the former should be divisible byΞ D (x).
We summarize this argument as follows.
Then one action ofB D to the both sides of (2.7) keeps the polynomiality intact.
), have no common roots for some n, the polynomial of degree L in η, X(η), satisfying (2.7) should satisfy (3.17) for some polynomial Y (η).
By taking the constant term of X(η) as X(0) = 0, the condition for the candidate of
Based on these properties we present our another main result. Like as § 3.1, we conjecture that this candidate X(η) (3.18) actually gives recurrence relations with constant coefficients. 
Remark 1 If two polynomials in
), have no common roots for some n, this conjecture exhausts all possible X(η) giving recurrence relations with constant coefficients, and the minimal degree choice X(η) = X min (η) (3.19) gives 3 + 2ℓ D term recurrence relations.
Remark 2 See Remark 2 and 3 below Conjecture 1.
Remark 3 By (3.9), for any polynomial we can prove this conjecture. Since we have Proposition 1, it is sufficient to show that
) .
Summary and Comments
In addition to 3+2M term recurrence relations with variable dependent coefficients presented (2) polynomials. The results in [11, 37] correspond to special cases of our results. Concerning the results in [38] , we hope to clarify its relation to our results. We hope also that Conjecture 1 and 2 will be proved in the near future.
Multi-indexed orthogonal polynomials of Laguerre, Jacobi, Wilson and Askey-Wilson types are labeled by an index set D but different index sets may give the same multi-indexed
The 3 + 2M term recurrence relations given in [27] states that these polynomials P D 1 ,n (η; λ), P D 2 ,n (η; λ − 9δ I ) and P D 3 ,n (η; λ − 6δ I ) satisfy 13, 11 and 9 term recurrence relations with variable dependent coefficients, respectively. But the above equivalence implies that all of them satisfy 9 term recurrence relations with variable dependent coefficients. On the other hand, the degrees of lowest members
, and for each case the minimal degree polynomial X min (η) gives 25 term recurrence relations with constant coefficients. The above equivalence, which gives
implies that these three 25 term recurrence relations are essentially same.
The 3 + 2M term recurrence relations with variable dependent coefficients can be used to calculate the multi-indexed orthogonal polynomials effectively and it needs M +1 initial data P D,n (η) (n = 0, 1, . . . , M) [27] . The simplest recurrence relations with constant coefficients corresponding to X min (η) has 3 + 2ℓ D terms and it needs ℓ D + 1 initial data. The difference of
In order to calculate the multi-indexed orthogonal polynomials by using recurrence relations, the 3 + 2M term recurrence relations with variable dependent coefficients are useful. On the other hand, in order to study bispectral properties etc., recurrence relations with constant coefficients are needed.
We hope that the recurrence relations with constants coefficients obtained in this paper will be used as a starting point for theoretical developments of various problems involving bispectrality, generalizations of the Jacobi matrix, spectral theory, etc. 
A Some formulas
The notation and fundamental formulas of the multi-indexed orthogonal polynomials of Laguerre, Jacobi, Wilson and Askey-Wilson types are found in [27] . See also [23] . In this appendix we present other basic formulas. See footnote in § 2. We write parameter (λ) dependence explicitly.
A.1 Multi-indexed Laguerre and Jacobi polynomials
Explicit forms of the operators (2.6) arê Note that v *
